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Abstract 



The recently modified Faddeev-Jackiw formalism for systems hav- 
■ ing one chain of four levels of only second-class constraints is applied 

. to the non-trivial a=l bosonized chiral Schwinger model in (1+1) di- 

mensions as well as to one mechanical system. The sets of obtained 
\^ ■ constraints are in agreement with Dirac's canonical formulation. 

o ' 

"Sh : 1 Introduction 



The first order Lagrangian pQ to start with is given by 

L = c a (()C-H((), (1) 



^ ■ where ( a , a = 1, . . . , 2N are the coordinates and H(() is the corresponding 

canonical Hamiltonian. The equations of motion can be written as /q/jC = 
d a H, where d a = d/d( a and 

fa/3 = daCpiC) - dpC a (C). (2) 

The system corresponding to the Lagrangian ([TJ) together with the primary 
constraints (jr^\ (// = 1, . . . , M), is described by the Lagrangian L' = c a ( a — 
X^)-H(C) where A M are Lagrange multipliers. The consistency conditions 
of these primary constraints bring new constraints to the system. So, the 
Lagrangian ([1]) is extended by the term as lP-> = c a (()( a — C'VL — 
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H(C) |2j. Then, multiplying both sides of the associated equations of motion 
by the left null-eigenvectors of the symplectic tensor gives the next second- 
class constraint and so on. This procedure leads us to a chain structure [3] 
of a second-class constraint set (ffi*\ (f)^ 2 \ . . . , (f)^ N \ Assume that the above 
method continues until the step (N/2) + 1 because of the singularity of the 
symplectic two-form F(( Ar / 2 )+ 1 ) given in the right hand side of the matrix 
form of the following equations of motion [1J 



( f 



AW ... ^[W2)+l] ^ 

... 



^ _^[(A f /2)+l]T q 



) 



\ 



\ t(N/2)+l J 



( dH \ 


V J 



(3) 



where the elements of the matrix are A^ = d a 4>^\ 7 = 1, . . . , N. So, 



F ((n/2)+i) doeg not admit 

a new left null-eigenvector. In order to obtain 

the next level constraint 0[W 2 )+ 2 ] w {<p^ N /^ +1 \ H] and the remaining con- 
straints of the chain, a modification in the symplectic analysis jU [5] given 
above is done PQ by truncating the matrix form of the symplectic tensor 

F ((AT/2)+l) in m ag 



p((N/2)+l) 



f 

-A^ T 







^ _^[(iV/2)+l]T / 



(4) 



Here, F(W 2 )+i) 



so that F(( 7V / 2 )+ 1 ) possesses a new left null-eigenvector v" N ' 2 ^ +1 i 
denotes the truncated matrix .F((A72)+i) [TJ. 

The aim of this manuscript is to apply recently modified Faddeev-Jackiw[6] 
formalism on two examples of physical interest. The first example is the 
Schwinger model in (1+1) dimensions which, despite the gauge anomaly, 
is unitary and it was consistently quantized [SJ. The second example is a 
simpler mechanical system possessing one chain of a four level second-class 
constraints. 
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2 Examples 



2.1 Schwinger model in (1+1) dimensions 

The bosonized chiral Schwinger model in (1+1) dimensions is described by 
the Lagrangian density 



(5) 



where g 



=diag(l, 



-1), e 



01. 



-1 and do = d/dt, d\ = d/dx. The canonical 
momenta are 7r u = 0, it 1 = A\ — d\A§ = and 7r^ = if + A — A\ = n. The 
canonical density and the total density Hamiltonians are given [5] by Hq = 
\{E 2 + 7T 2 + (d^) 2 ) + Ed^o + (tt + A 1 + d l( p) (A, - A Q ) and H T = H c + Att , 
respectively, where the overdot denotes the time derivative. The usual Dirac 
approach [7] gives the following set of constraints [8J (j)^ = n° « 0, <// 2 ) = 
9iE + vr + dup + A x « 0, (3) = £ « 0, and (4) = -tt - ftp - 2Aj + A « 
where = 7T° is the only primary constraint and all constraints are second- 
class. The first order Lagrangian density associated to (j5J) is written as 



L = tt% + tt 1 A\ + n v <p - H, 



c- 



(6) 



which gives the symplectic tensor / as follows 



/ 



/ 





1 
1 

V o o i 



1 

-1 
















o \ 



-1 




o / 



8{x-y). 



(7) 



Considering the consistency condition of the primary constraint (f>W 
forms the first order Lagrangian density ([HD as 



= 7T 



= vr% + n 1 A 1 + n^ip - ^7T - H, 



c 



(8) 
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and so by eqn.flS]) and (j3J) the equations of motion F^pC* 3 = if? i n the 
extended space ( = (A , Ax, ip, tt°, it 1 , tt^, £x) are written as in the following 



( 








-1 








\ 




f A 


\ 


/ 


-(tt + A 1 + d 1 if + d 1 n 1 ) 


\ 














-1 










M 






7r + A x + dup + A x - A 



















-1 













-dxAx + dxA 




1 

















1 










A 







1 

























vr 1 + dxA 










1 






















TVp + Ax — A 




V° 








-1 
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/ 


V 





/ 



where the left null-eigenvector of F^ 1 ' is calculated as v^ 1 ' = (—1, 0, 0, 0, 0, 0, 1). 
By applying the procedure with the second constraint is found to be 
0( 2 ) = 7j- -\- Ax + ditp + dxTT 1 that is second-class. Then the consistency of 
0( 2 ) adds the term —£2(71" + Ax + dx<p + din 1 ) to the Lagrangian in (jSj) and 
from (j3J) the matrix form of the equations of motion F^(^ = j^- is found 
as follows 



( 








-1 











\ 




( A 


\ 




( - 


(it + Ax + dx(f + dx-K 1 ) 
















-1 








1 




Ax 






71 


+ Ax + dup + Ax - A 



















-1 


















-dxAx + dxA 




1 

















1 







7T° 








A 







1 






















il l 








vr 1 + dxA 










1 














1 




ftp 








Tr 9 + Ax - A 













-1 





























\o 


-1 











-1 





) 




{ 6 


/ 




\ 





/ 



,(10) 



where F^ 2 ' admits a new left null-eigenvector = (0, 0, -1, 0, 1, 0, 0, 1). 
Repeating the procedure for gives the next second-class constraint (p^ = 
it 1 . For the following step we obtain 

= vr% + vrMx + n v - e'ivr° - £ 2 (tt + Ax + d lV + ^vr 1 ) - ^tt 1 - H c .(ll) 
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The form of the eqn.([n]) for this case becomes 



/ o 




1 






V o 









1 



-1 




-1 









-1 


















-1 








\ 

1 



1 
1 
1 




-10 
-1 / 



M 

7T° 

v is j 



( -(tt + A 1 + d l( p + d^ 1 ) \ 

7T + A X + di<p + Ax - Aq 

-dxAx + dxA 
A 

vr 1 + dxA 
n v + Ax- A 



V o / 



(12) 



but does not have a new left null-eigenvector. Finally, by truncating the 
above mentioned symplectic two-form as shown in (j3J), we obtain 



( 








-1 








o \ 














-1 























-1 





1 

















1 





1 























1 























-1 














-1 











-1 





V o 











-1 





o / 



S(x - y) 



(13) 



which admits a new left null-eigenvector = (0, -1, 0, 0, 0, 0, 0, 0, 1). There- 
fore, the last step of the algorithm produces the last constraint = 
—7i — dx(f — 2 Ax + Aq. By direct calculations we see that the next step of 
the algorithm will not produce any new constraint because the corresponding 
symplectic two-form has a non-singular matrix with determinant 1. 



2.2 Example 2 

Let us consider the following Lagrangian 

L = xy — z(x + y), (14) 

where ( M = (x, y, z,p x ,p y ,p z ), M = 1, 2, 3. The primary constraint is (p^ = 
p z . The canonical and total Hamiltonians are given by He = p x Py + z(x + 
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y), H T = Hq + Xp z . By the usual Dirac approachjT], we obtain the following 
second-class constraints 4>^ = —x — y, 0® = p x + p y and = —2z. The 
first order Lagrangian of the form ([!]) is 



L = xp x + yp y + zp z - H c . 



(15) 



After imposing the consistency condition of <p^ l \ the first order Lagrangian 
in (|T5"|) becomes 



From (JSh and 



L (1) = xp x + yp y + zp z - iip z - H c . (16) 
), the matrix form of the equations of motion is found as 

\ 



(17) 



f 








-1 








\ 




( A ) 




( z 














-1 










y 




Z 

















-1 







z 




x + y 


1 






















Px 




Py 





1 



















Py 




Px 








1 











1 




Pz 




X 
















-1 


J 




U ) 




{ 


tfW in 


CO 


'} admits 


the left null-eigenvector v^ 1 ' = 



(0,0, 



•1,0,0,0,1) 



Applying the method described in Section 1, the second-class constraint 
0( 2 ) = —x — y appears. Imposing the consistency condition of (f)^ we obtain 



L {2) = xp x + yp y + zp z - iip z - ^ 2 



-x 



y)-H c 



(18) 



so that by using ([3]) the corresponding equations of motion are obtained in 
the following matrix form 



t 








-1 











-1 \ 




/ X 


\ 




/ 


z 


\ 














-1 








-1 




y 








z 



















-1 










z 








x + y 




1 

























Px 








Py 







1 






















Py 








Px 










1 











1 







Pz 








X 



















-1 










ii 













V i 


1 

















o ) 




V 6 


/ 




V 





/ 



(19) 



In this case admits a new left null-eigenvector ■ 



,(2) 



(0,0,0,-1,-1,0,0,1) 



The same procedure with gives the second-class constraint (p^ = p v +p x . 
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In order to obtain the next constraint (jr- the consistency condition of the 
constraint (f)^ is considered, so the Lagrangian (1181) takes the form 



L (3) = xp x 
which gives 



yp y + zpz - iiPz - - y) - tsiPy + Px) - H, 



c 



(20) 



i?(3) 



/ 





1 
1 
1 



1 1 



1 

-1 






























-1 











1 



-1 




1 0\ 
1 


1 
1 







(21) 



Vooo-i-i 0/ 

does not admit a new left null-eigenvector, therefore a problem appears 



to reach the last constraint <p ' within this procedure. Therefore, using 



i?(3) 


as 












( 








-1 








o \ 














-1 























-1 





1 























1 























1 











1 

















-1 





1 


1 

















V o 








-1 


-1 





o / 



(22) 



admits a new left null-eigenvector denoted by 



-1,-1,0,0,0,0,0,0,1) 



Hence, we found the last constraint <p ' = —2z by continuing the procedure 
with the null-eigenvector v^ 3 \ The constraint is the last constraint and 
the procedure is finished because for the next level, the symplectic tensor 
F^ has a non-singular matrix with det(F^)=16. 

The authors would like to thank the organizers of this colloquium for giving 
them the opportunity to attend this meeting. This paper is partially supported 
by the Scientific and Technical Research Council of Turkey. 
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